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Abstract
For a bridgeless connected graph G, let D(G) be the family of its strong orientations; and for
any D ∈ D(G), we denote by d(D) its diameter. The orientation number −→d (G) of G is deﬁned
by −→d (G) = min{d(D)|D ∈ D(G)}. For a connected graph G of order n and for any sequence of n
positive integers (si ), letG(s1, s2, . . . , sn) denote the graph with vertex set V ∗ and edge set E∗ such
that V ∗=⋃ni=1Vi , where Vi ’s are pairwise disjoint sets with |Vi |=si , i=1, 2, . . . , n, and for any two
distinct vertices x, y in V ∗, xy ∈ E∗ if and only if x ∈ Vi and y ∈ Vj for some i, j ∈ {1, 2, . . . , n}
with i 	= j such that vivj ∈ E(G). We call the graph G(s1, s2, . . . , sn) a G vertex multiplication. In
this paper, we determine the orientation numbers of various cycle vertex multiplications.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Let G be a connected graph with vertex set V (G) and edge setE(G). For v ∈ V (G), the
eccentricity e(v)of v is deﬁned as e(v)=max{d(v, x)|x ∈ V (G)}, whered(v, x)denotes the
distance from v to x. The diameter ofG, denoted by d(G), is deﬁned as d(G)=max{e(v)|v ∈
V (G)}. Let D be a digraph with vertex set V (D) and arc set E(D). For v ∈ E(D), the
notions e(v) and d(D) are similarly deﬁned.
An orientation of a graph G is a digraph obtained from G by assigning to each edge in G
a direction.An orientationD ofG is strong if every two vertices inD are mutually reachable
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inD.An edge e in a connected graph is a bridge ifG−e is disconnected. Robbins’celebrated
one-way street theorem [14] states that a connected graph G has a strong orientation if and
only if no edge of G is a bridge. Efﬁcient algorithms for ﬁnding a strong orientation for
a bridgeless graph can be found in Roberts [15], Boesch and Tindell [1] and Chung et al.
[2]. Boesch and Tindell [1] extended Robbins’ result to mixed graphs where edges could be
directed or undirected. Chung et al. [2] provided a linear-time algorithm for testing whether
a mixed graph has a strong orientation and ﬁnding one if it does. As another possible way
of extending Robbins’ theorem, consider further the notion (G) given below. Given a
connected graph G containing no bridges, letD(G) be the family of its strong orientations.
Deﬁne
(G)=min{d(D) |D ∈ D(G)} − d(G).
The ﬁrst term on the right-hand side of the above equality is essential. We may write
−→
d (G)=min{d(D) |D ∈ D(G)}
and call it the orientation number of G. The problem of evaluating −→d (G) for an arbitrary
connected graphG is very difﬁcult. As a matter of fact, Chvátal and Thomassen [3] showed
that the problem of deciding whether a graph admits an orientation of diameter two is
NP-hard.
On the other hand, the parameter −→d (G) has been studied in various classes of graphs,
including complete bipartite graphs [13,1,16,4] and complete n-partite graphs [13,4–6,8,9].
Most recently, Koh and Tay [10] extended the results on the complete n-partite graphs by
introducing a new family of graphs based on a given connected graph as follows. LetG be a
given connected graph of order nwith vertex set V (G)={v1, v2, . . . , vn}. For any sequence
of n positive integers (si), let G(s1, s2, . . . , sn) denote the graph with vertex set V ∗ and
edge set E∗ such that V ∗ =⋃ni=1Vi , where Vi’s are pairwise disjoint sets with |Vi | = si ,
i = 1, 2, . . . , n, and for any two distinct vertices x, y in V ∗, xy ∈ E∗ if and only if x ∈ Vi
and y ∈ Vj for some i, j ∈ {1, 2, . . . , n} with i 	= j such that vivj ∈ E(G). We call the
graph G(s1, s2, . . . , sn) a G vertex multiplication. Thus when G is the complete graph Kn
of order n, the graph G(s1, s2, . . . , sn) is a complete n-partite graph. For s = 1, 2, . . ., we
shall denote G(s, s, . . . , s) simply by G(s).
The fundamental result obtained by Koh and Tay in [10] is presented below.
Theorem A. LetGbea connected graphof ordern3.Given si2 for each i=1, 2, . . . , n,
d(G)−→d (G(s1, s2, . . . , sn))d(G)+ 2.
We may assume throughout this paper that si2 for each i = 1, 2, . . . , n. As a result of
Theorem A, all graphs of the form G(s1, s2, . . . , sn) are divided into the following three
classes: Ci = {G(s1, s2, . . . , sn)|−→d (G(s1, s2, . . . , sn))= d(G)+ i}, i = 0, 1, 2.When G is
the cycle Cn of order n, the following results in [10] provide the motivation for this paper.
Theorem B. Let G be a connected graph of order n3. If d(G)4 and si4 for each
i = 1, 2, . . . , n, then G(s1, s2, . . . , sn) ∈ C0.
Theorem C. For n6, Cn(s1, s2, . . . , sn) ∈ C0 ∪ C1.
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Our objective in this paper is to investigate the following problem: for what sequence of
integers (si), willCn(s1, s2, . . . , sn) belong toC0? The following result will be established.
Theorem. (a) Cn(s1, s2, . . . , sn) ∈ C0 for all n10 and si3 for each i = 1, 2, . . . , n;
(b) C(3)n ∈ C1 for 6n9;
(c) C(4)n ∈ C0 for n= 6, 7.
(Note that when n8, C(4)n ∈ C0 by Theorem B.)
2. Terminology and a useful lemma
Let V (Cn) = {1, 2, . . . , n}. We shall write, for i = 1, 2, . . . , n, Vi = {(p, i)|1psi}
and call (p, i) the pth vertex in Vi . Thus two vertices (p, i) and (q, j) in Cn(s1, s2, . . . , sn)
are adjacent if and only if |i−j |=1 or n−1. Let V ∗ be the vertex set ofCn(s1, s2, . . . , sn),
F ∈ D(Cn(s1, s2, . . . , sn)). For x, y ∈ V ∗, we write x → y or y ← x if x is adjacent to y
in F. Also, for A,B ⊆ V ∗ with A ∩ B = ∅, we write A→ B or B ← A if x → y in F for
all x ∈ A and for all y ∈ B. When A= {x}, we shall write x → B or B ← x for A→ B.
For any subdigraph A of F. The out-set and in-set of a vertex (p, i) in A are deﬁned,
respectively, as
OA((p, i))= {(q, j) ∈ V ∗ | (p, i)→ (q, j) in A},
and
IA((p, i))= {(q, j) ∈ V ∗ | (q, j)→ (p, i) in A}.
The eccentricity of (p, i) in A is denoted by eA((p, i)). The subscript A is omitted ifA=F .
For any digraph D, the converse of D, denoted by D¯ is the digraph obtained when all the
arcs in D are reversed. That is, V (D)= V (D¯) and xy ∈ E(D) if and only if yx ∈ E(D¯).
The following result, obtained by Koh and Tay [10], will be found useful.
Lemma D. Let ti , si be positive integers such that tisi for 1 in. If the graph
G(t1, t2, . . . , tn) admits an orientation F in which every vertex v lies on a cycle of length
not exceeding m, then −→d (G(s1, s2, . . . , sn)) max{m, d(F )}.
3. Proof of part (a) in the main theorem
In this section, we shall establish result (a) as stated in our main theorem. We shall ﬁrst
prove thatC(3)n ∈ C0 for n10. This shall be accomplished separately by two propositions,
depending on the parity of n.
Proposition 1. When n10 and n is even, then C(3)n ∈ C0.
Proof. Let F ∈ D(C(3)n ) be deﬁned as follows. For 1 in,
(i) if i is odd, (1, i)→ {(1, i + 1), (2, i + 1)}, (2, i)→ {(2, i + 1), (3, i + 1)}, (3, i)→
(3, i + 1);
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(ii) if i is even, (1, i)→ (2, i + 1), (2, i)→ {(1, i + 1), (3, i + 1)}, (3, i)→ (2, i + 1);
(iii) for all (s, t), (p, q), where 1s, p3 and 1 t, qn, if (s, t)(p, q) by (i) and (ii)
above, then let (p, q)→ (s, t).
It is clear that when |i − j |1, d((p, i), (q, j))3 for all 1p, q3. We shall show
that d(F )n/2. By symmetry, it sufﬁces to show that e((i, j))n/2 for i = 1, 2, 3 and
j = 1, 2.
Consider (1, 1) and (j, q) for 3q(n/2) + 1. If there is a path from (1, 1) to (j, q)
for all j which is of length q − 1, then it is clear that there is path of length q from (1, 1) to
(j, q + 1) for all j.
Since (1, 1) → (2, 2) → {(1, 3), (3, 3)} and (1, 1) → (1, 2) → (2, 3) are paths of
length 2 from (1, 1) to (j, 3) for all j, there are paths of length q − 1(n/2) from (1, 1) to
(j, q) for all j and 3q(n/2)+ 1.
Likewise, for (n/2)+ 2qn− 1, if there is a path of length n− q + 1 from (1, 1) to
(j, q) for all j, then there is a path of length n− q + 2 from (1, 1) to (j, q − 1) for all j.
Since (1, 1) → (1, n) → {(2, n− 1), (3, n− 1)} and (1, 1) → (3, n) → (1, n− 1) are
paths of length 2 from (1, 1) to (j, n−1) for all j, there are paths of length n−q+2(n/2)
from (1, 1) to (j, q) for all j and (n/2)+ 2qn− 1.
Consider (2, 1) and (j, q) for 3q(n/2)+1. Since (2, 1)→ (2, 2)→ {(1, 3), (3, 3)}
and (2, 1) → (3, 2) → (2, 3) are paths of length 2 from (2, 1) to (j, 3) for all j, there are
paths of length not exceeding n/2 from (2, 1) to (j, q) for all j and 3q(n/2)+ 1.
For (n/2)+ 2qn− 3, note that the following paths in F from (2, 1) to (j, n− 3) for
all j are of length 4:
(2, 1)→ (2, n)→ (3, n− 1)→ (3, n− 2)→ (1, n− 3);
(2, 1)→ (2, n)→ (3, n− 1)→ (1, n− 2)→ (2, n− 3);
(2, 1)→ (2, n)→ (3, n− 1)→ (1, n− 2)→ (3, n− 3).
Thus there are paths of length not exceeding n/2 from (2, 1) to (j, q) for all j and (n/2)+
2qn − 3. For q=n − 1, n − 2, the following paths from (2, 1) to (j, q) are of length
not exceeding n/2:
(2, 1)→ (2, n)→ (3, n− 1)→ (3, n)→ (1, n− 1);
(2, 1)→ (2, n)→ (3, n− 1)→ (3, n− 2)→ (2, n− 1);
(2, 1)→ (2, n)→ (3, n− 1);
(2, 1)→ (2, n)→ (3, n− 1)→ (1, n− 2);
(2, 1)→ (2, n)→ (3, n− 1)→ (1, n− 2)→ (2, n− 1)→ (2, n− 2);
(2, 1)→ (2, n)→ (3, n− 1)→ (3, n− 2).
Consider (3, 1) and (j, q) for 5q(n/2) + 1. Note that the following paths in F from
(3, 1) to (j, 5) for all j are of length 4:
(3, 1)→ (3, 2)→ (2, 3)→ (2, 4)→ {(1, 5), (3, 5)};
(3, 1)→ (3, 2)→ (2, 3)→ (3, 4)→ (2, 5).
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Thus there are paths of length not exceeding n/2 from (3, 1) to (j, q) for all j and
5q(n/2)+ 1. For q = 3, 4, the following paths from (3, 1) to (j, q) are of length not
exceeding n/2:
(3, 1)→ (3, 2)→ (1, 1)→ (2, 2)→ {(1, 3), (3, 3)};
(3, 1)→ (3, 2)→ (2, 3);
(3, 1)→ (3, 2)→ (1, 1)→ (2, 2)→ (1, 3)→ (1, 4);
(3, 1)→ (3, 2)→ (2, 3)→ {(2, 4), (3, 4)}.
For (n/2)+ 2qn− 1, since (3, 1) → {(1, n), (3, n)} in F, the proof is similar to that
for (1, 1).
Consider (1, 2) and (j, q) for 6q(n/2)+ 2. Note that the following paths in F from
(1, 2) to (j, 6) for all j are of length 4:
(1, 2)→ (2, 3)→ (2, 4)→ (1, 5)→ {(1, 6), (2, 6)};
(1, 2)→ (2, 3)→ (2, 4)→ (3, 5)→ (3, 6).
Thus there are paths of lengthnot exceedingn/2 from (1, 2) to (j, q) for all j and6q(n/2)
+2. For q= 4, 5, the following paths from (1, 2) to (j, q) are of length not exceeding n/2:
(1, 2)→ (2, 3)→ (2, 2)→ (1, 3)→ (1, 4);
(1, 2)→ (2, 3)→ {(2, 4), (3, 4)};
(1, 2)→ (2, 3)→ (2, 4)→ {(1, 5), (3, 5)};
(1, 2)→ (2, 3)→ (3, 4)→ (2, 5).
For (n/2) + 3qn, since (1, 2) → (3, 1) → {(1, n), (3, n)} and (1, 2) → (2, 1) →
(2, n) are paths of length 2 from (1, 2) to (j, n) for all j, there are paths of length not
exceeding n/2 from (1, 2) to (j, q) for all j and (n/2)+ 3qn.
Consider (2, 2) and 4q(n/2) + 2. Since (2, 2) → (1, 3) → {(1, 4), (2, 4)} and
(2, 2)→ (3, 3)→ (3, 4) are paths of length 2 from (2, 2) to (j, 4) for all j, there are paths
of length not exceeding n/2 from (2, 2) to (j, q) for all j and 4q(n/2)+ 2.
For (n/2)+ 3qn− 1, note that the following paths in F from (2, 2) to (j, n− 1) for
all j are of length 3:
(2, 2)→ (3, 1)→ (3, n)→ (1, n− 1);
(2, 2)→ (3, 1)→ (1, n)→ {(2, n− 1), (3, n− 1)}.
Thus there are paths of length not exceeding n/2 from (2, 2) to (j, q) for all j and n/2 +
3qn−1. For q=n, the following paths from (2, 2) to (j, q) are of length not exceeding
n/2:
(2, 2)→ (3, 1)→ {(1, n), (3, n)};
(2, 2)→ (3, 1)→ (3, n)→ (2, 1)→ (2, n).
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Consider (3, 2) and 4q(n/2) + 2. Since (3, 2) → (2, 3) in F, the proof is similar to
that for (1, 2).
For (n/2)+ 3qn− 1, note that the following paths in F from (3, 2) to (j, n− 1) for
all j are of length 3:
(3, 2)→ (1, 1)→ (3, n)→ (1, n− 1);
(3, 2)→ (1, 1)→ (1, n)→ {(2, n− 1), (3, n− 1)}.
Thus there are paths of length not exceeding n/2 from (3, 2) to (j, q) for all j and (n/2)+
3qn−1. For q=n, the following paths from (3, 2) to (j, q) are of length not exceeding
n/2:
(3, 2)→ (1, 1)→ {(1, n), (3, n)};
(3, 2)→ (1, 1)→ (1, n)→ (2, 1)→ (2, n).
The proof of Proposition 1 is thus complete. 
Proposition 2. When n11 and n is odd, then C(3)n ∈ C0.
Proof. Let F ∈ D(C(3)n ) be deﬁned as follows. For 1 in− 2,
(i) if i is odd, (1, i)→ (2, i + 1), (2, i)→ {(1, i + 1), (3, i + 1)}, (3, i)→ (2, i + 1);
(ii) if i is even, (1, i)→ {(1, i + 1), (2, i + 1)}, (2, i)→ {(2, i + 1), (3, i + 1)}, (3, i)→
(3, i + 1);
(iii) {(1, 1), (2, 1)} → (1, n) → (3, 1), (1, 1) → (2, n) → {(2, 1), (3, 1)}, (3, 1) →
(3, n)→ {(1, 1), (2, 1)};
(iv) (3, n− 1)→ (1, n)→ {(1, n− 1), (2, n− 1)}, {(2, n− 1), (3, n− 1)} → (2, n)→
(1, n− 1), {(1, n− 1), (2, n− 1)} → (3, n)→ (3, n− 1);
(v) for all (s, t), (p, q), 1s, p3, 1p, qn, if (s, t)(p, q) by (i)–(iv) above, then
let (p, q)→ (s, t).
It can be checked easily that if p = q, then dF ((i, p), (j, q))5 for all i, j = 1, 2, 3.
Now let n′ = n − 1 and denote the orientation of C(3)
n′ described in Proposition 1 by H. If
H ′ is the subdigraph of H deﬁned by
H ′=H−{(1, 1)(1, 2), (1, 1)(2, 2), (2, 1)(2, 2), (2, 1)(3, 2), (3, 1)(3, 2), (1, 2)(2, 1),
(1, 2)(3, 1), (2, 2)(3, 1), (3, 2)(1, 1)}
and F ′ is the subdigraph of F induced by {(i, p)|1 i3, 1pn− 1}, then H ′ and F ′
are isomorphic. This observation justiﬁes the following:
Observation 1. If |p − q|(n − 1)/2, then dF ((i, p), (j, q))(n − 1)/2 = n/2 for
i, j = 1, 2, 3.
Observation 1, together with the next eight observations, constitutes the proof of the
inequality d(F )n/2.
110 K.L. Ng, K.M. Koh / Discrete Mathematics 297 (2005) 104–118
Observation 2. If (n+3)/2qn−3, then dF ((i, 1), (j, q))n−q+1 for i, j=1, 2, 3.
Proof. Since (n + 3)/2qn − 3, we have 2(n − 1) − q(n − 5)/2. By the proof
of Proposition 1, for all (j, q), j = 1, 2, 3, there exists a path of length (n − 1) − q from
(1, n− 1) to (j, q). Likewise, there exists a path of length (n− 1)− q from (3, n− 1) to
(j, q). Since {(1, 1), (2, 1)} → (1, n)→ (1, n−1) and (3, 1)→ (3, n)→ (3, n−1) in F,
there exist paths of length n− 1− q + 2= n− q + 1 from (i, 1) to (j, q) for i, j = 1, 2, 3.

Observation 3. If n−2qn, then dF ((i, 1), (j, q))4 for i=1, 2 and j =1, 2, 3, and
dF ((3, 1), (j, q))5 for j = 1, 2, 3.
Proof. The following paths in F justify the observation:
(1, 1)→ {(1, n), (2, n)}, (1, 1)→ (1, n)→ (3, 1)→ (3, n),
(1, 1)→ (1, n)→ {(1, n− 1), (2, n− 1)},
(1, 1)→ (1, n)→ (2, n− 1)→ (3, n)→ (3, n− 1),
(1, 1)→ (1, n)→ (1, n− 1)→ {(1, n− 2), (3, n− 2)},
(1, 1)→ (1, n)→ (2, n− 1)→ (2, n− 2),
(2, 1)→ (1, n), (2, 1)→ (1, n)→ (2, n− 1)→ {(2, n), (3, n)},
(2, 1)→ (1, n)→ {(1, n− 1), (2, n− 1)},
(2, 1)→ (1, n)→ (2, n− 1)→ (3, n)→ (3, n− 1),
(2, 1)→ (1, n)→ (1, n− 1)→ {(1, n− 2), (3, n− 2)},
(2, 1)→ (1, n)→ (2, n− 1)→ (2, n− 2),
(3, 1)→ (3, n), (3, 1)→ (3, n)→ (1, 1)→ {(1, n), (2, n)},
(3, 1)→ (3, n)→ (3, n− 1),
(3, 1)→ (3, n)→ (3, n− 1)→ (1, n)→ {(1, n− 1), (2, n− 1)},
(3, 1)→ (3, n)→ (3, n− 1)→ {(1, n− 2), (3, n− 2)},
(3, 1)→ (3, n)→ (3, n− 1)→ (3, n− 2)→ (2, n− 1)→ (2, n− 2). 
Observation 4. If 1p(n − 3)/2 and (n + 3)/2qn such that q − p> (n − 1)/2,
then dF ((i, p), (j, q))(n− 1)/2 for i, j = 1, 2, 3.
Proof. We ﬁrst assume that (n + 3)/2qn − 3. Consider any (i, p) ∈ V (F). Clearly,
there exists a path of length p−1 from (i, p) to some vertex (k, 1). By Observation 2, there
exists a path of length at most n − q + 1 from (k, 1) to (j, q). Thus there exists a path of
length (p − 1)+ (n− q + 1)= n− (q − p)(< (n+ 1)/2) from (i, p) to (j, q).
Now assume that n−2qn.We considerp=1, 2 andp3 separately.Whenp=1, 2,
since {(1, 2), (3, 2)} → (1, 1) and (2, 2) → (2, 1), by Observation 3, it is clear that
dF ((i, p), (j, q))5.When 3p(n− 5)/2, then there exist a path of length p− 1 from
(i, p) to (1, 1) and also a path of length p − 1 from (i, p) to (3, 1). From the proof of
Observation 3, we see that
dF ((1, 1), (j, q))3 if (j, q) 	= (3, n− 1) and dF ((3, 1), (3, n− 1))= 2.
Thus there exists a path of length at most p − 1 + 3 = p + 2((n − 1)/2) from (i, p)
to (j, q). When p = (n− 3)/2, we only need to consider q = n− 1, n. From the proof of
K.L. Ng, K.M. Koh / Discrete Mathematics 297 (2005) 104–118 111
Observation 3, we have
dF ((1, 1), (j, q))2 if j = 1, 2 and dF ((3, 1), (3, q))2.
Thus there exists a path of length at most p − 1 + 2 = p + 1 = (n − 1)/2 from (i, p) to
(j, q). 
Observation 5. If 3q(n− 3)/2, then dF ((i, n− 1), (j, q))q + 1 for i, j = 1, 2, 3.
Proof. Since 3q(n−3)/2, by the proof of Proposition 1, for all (j, q), j=1, 2, 3, there
exists a path of length q−1 from (2, 1) to (j, q). Since {(1, n−1), (2, n−1)} → (3, n)→
(2, 1) and (3, n−1)→ (2, n)→ (2, 1) in F, there exist paths of length (q−1)+2=q+1
from (i, n− 1) to (j, q) for i, j = 1, 2, 3. 
Observation 6. If 1q2, then dF ((i, n− 1), (j, q))4 for i= 1, 3 and j = 1, 2, 3, and
dF ((2, n− 1), (j, q))3 for j = 1, 2, 3.
Proof. The following paths in F justify the observation:
(1, n− 1)→ (3, n)→ {(1, 1), (2, 1)},
(1, n− 1)→ (3, n)→ (3, n− 1)→ (1, n)→ (3, 1),
(1, n− 1)→ (3, n)→ (1, 1)→ (2, 2),
(1, n− 1)→ (3, n)→ (2, 1)→ {(1, 2), (3, 2)},
(2, n− 1)→ (2, n)→ {(2, 1), (3, 1)},
(2, n− 1)→ (3, n)→ (1, 1),
(2, n− 1)→ (2, n)→ (2, 1)→ {(1, 2), (3, 2)},
(2, n− 1)→ (2, n)→ (3, 1)→ (2, 2),
(3, n− 1)→ (2, n)→ {(2, 1), (3, 1)},
(3, n− 1)→ (2, n)→ (1, n− 1)→ (3, n)→ (1, 1),
(3, n− 1)→ (2, n)→ (2, 1)→ {(1, 2), (3, 2)},
(3, n− 1)→ (2, n)→ (3, 1)→ (2, 2). 
Observation 7. If (n+3)/2pn−1 and 1q(n−3)/2 such that p−q > (n−1)/2,
then dF ((i, p), (j, q))(n− 1)/2 for i, j = 1, 2, 3.
Proof. We ﬁrst assume that 3q(n− 3)/2. Consider any (i, p) ∈ V (F). Clearly, there
exists a path of length n− 1− p from (i, p) to some vertex (k, n− 1). By Observation 5,
there is a path of length at most q + 1 from (k, n− 1) to (j, q). Thus there exists a path of
length (n− 1− p)+ q + 1= n− (p − q)(< (n+ 1)/2) from (i, p) to (j, q).
Assume now that 1q2. We consider p = n − 2, n − 1 and (n + 3)/2pn − 3
separately. When p = n − 2, n − 1, since {(1, n − 2), (3, n − 2)} → (2, n − 1) and
(2, n − 2) → (1, n − 1) in F, by Observation 6, it is clear that dF ((i, p), (j, q))5.
When (n + 5)/2pn − 3, there exists a path of length (n − 1 − p) from (i, p) to
(2, n − 1). From Observation 6, we see that there exists a path of length not exceeding
n−1−p+3=n−p+2((n−1)/2) from (i, p) to (j, q).When p= (n+3)/2, we only
need to consider q=1. From the proof ofObservation 6, we see that dF ((2, n−1), (j, 1))=2
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for all j = 1, 2, 3. Since there is a path of length n− 1− p from (i, p) to (2, n− 1), there
exists a path of length n− 1− p + 2= n− p + 1= (n− 1)/2 from (i, p) to (j, 1). 
Observation 8. For all i, j=1, 2, 3, dF ((i, (n−1)/2), (j, n))(n−1)/2 and dF ((i, (n+
1)/2), (j, n))(n− 1)/2.
Proof. Clearly, there are paths of length (n − 1)/2 − 1 from (i, (n − 1)/2) to (1, 1) and
(3, 1). Since (1, 1) → {(1, n), (2, n)} and (3, 1) → (3, n), there exists a path of length
(n− 1)/2 − 1+ 1= (n− 1)/2 from (i, (n− 1)/2) to (j, n). Likewise, there are paths of
length (n−1)−((n+1)/2) from (i, (n+1)/2) to (2, n−1) and (3, n−1). Since (2, n−1)→
{(2, n), (3, n)} and (3, n−1)→ (1, n), there exists a path of length (n−3)/2+1=(n−1)/2
from (i, (n+ 1)/2) to (j, n). 
Observation 9. For all i, j = 1, 2, 3 and q = 1, 2, . . . , n − 1, dF ((i, n), (j, q))
(n− 1)/2.
Proof. It is clear that dF ((i, n), (j, 1))3 and dF ((i, n), (j, n− 1))3 for all j = 1, 2, 3.
Consider 2q(n− 1)/2. Note that (2, 1) → {(1, 2), (3, 2)} and (3, 1) → (2, 2). Since
(2, n) → {(2, 1), (3, 1)}, there exists a path of length 2 from (2, n) to (j, 2) and conse-
quently, there exists a path of length q from (2, n) to (j, q). Similarly, note that (2, 1) →
{(1, 2), (3, 2)} and (1, 1)→ (2, 2). Since (3, n)→ {(1, 1), (2, 1)}, similar arguments show
that there exists a path of length q from (3, n) to (j, q).
Consider (1, n). Note that (1, n) → (3, 1) → (2, 2) → (2, 3) → {(1, 4), (3, 4)} and
(1, n) → (3, 1) → (2, 2) → (3, 3) → (2, 4). Thus there exists a path of length 4 from
(1, n) to (j, 4) and consequently, there exists a path of length q from (1, n) to (j, q), where
4q(n − 1)/2. For q = 2, 3, the following paths of length not exceeding 5 justify the
observation:
(1, n)→ (3, 1)→ (2, 2)→ (2, 1)→ {(1, 2), (3, 2)},
(1, n)→ (3, 1)→ (2, 2)→ {(2, 3), (3, 3)},
(1, n)→ (3, 1)→ (2, 2)→ (3, 3)→ (1, 2)→ (1, 3).
Consider (n + 1)/2qn − 2. Note that (1, n − 1) → {(1, n − 2), (3, n − 2)} and
(2, n−1)→ (2, n−2). Since (1, n)→ {(1, n−1), (2, n−1)}, there exists a path of length
2 from (1, n) to (j, n− 2) and consequently, there is a path of length n− q((n− 1)/2)
from (1, n) to (j, q).
Consider (2, n). Note that (2, n)→ (1, n− 1)→ (1, n− 2)→ {(2, n− 3), (3, n− 3)}
and (2, n) → (1, n − 1) → (3, n − 2) → (1, n − 3). Thus there exists a path of length 3
from (2, n) to (j, n− 3) and consequently, there exists a path of length n− q((n− 1)/2)
from (2, n) to (j, q), where (n + 1)/2qn − 3. For q = n − 2, the following paths of
length not exceeding 5 justify the observation:
(2, n)→ (1, n− 1)→ {(1, n− 2), (3, n− 2)},
(2, n)→ (1, n− 1)→ (1, n− 2)→ (2, n− 1)→ (2, n− 2).
Consider (3, n). Note that (3, n)→ (3, n− 1)→ (3, n− 2)→ (1, n− 3) and (3, n)→
(3, n − 1) → (1, n − 2) → {(2, n − 3), (3, n − 3)}. Thus there exists a path of length 3
from (3, n) to (j, n− 3) and consequently, there exists a path of length n− q((n− 1)/2)
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from (3, n) to (j, q), where (n + 1)/2qn − 3. For q = n − 2, the following paths of
length not exceeding 5 justify the observation:
(3, n)→ (3, n− 1)→ {(1, n− 2), (3, n− 2)},
(3, n)→ (3, n− 1)→ (3, n− 2)→ (2, n− 1)→ (2, n− 2). 
The above nine observations on the orientation F justify our claim that d(F )n2  and
the proof of Proposition 2 is thus complete. 
It is easily checked that in the orientations F provided in Propositions 1 and 2, every
vertex of V (F) lies on a 4-cycle. By Propositions 1 and 2, we know that C(3)n admits an
orientation F with d(F ) = n/2 for each n10. Since n/2> 4 when n10, Lemma
D implies −→d (Cn(s1, . . . , sn))n/2 for all n10 and si3 for each i = 1, . . . , n.
By Theorem A, n/2 is also a lower bound for −→d (Cn(s1, . . . , sn)), Theorem (a) now
follows.
4. Proofs of parts (b) and (c) in the main theorem
Proposition 3. C(3)n ∈ C1 for n= 6, 7.
Proof. Note that d(C6)= d(C7)= 3.We shall prove the result for C(3)6 . The result for C(3)7
can be shown similarly. By Theorem C, we only need to show that if F ∈ D(C(3)6 ), then
d(F )> 3.
Let F ∈ D(C(3)6 ). First observe that for all (i, j) ∈ V (C(3)6 ), if (i, j) → {(k, j +
1)|k = 1, 2, 3} in F, then dF ((1, j + 2), (i, j))4. Consider the vertex (1, 1). Since C(3)6
is a 6-regular graph, we may assume, without loss of generality, that |O((1, 1))|3 and
{(2, 2), (3, 2)} → (1, 1) → (1, 2) in F. Now if d(F )3, then dF ((1, 1), (i, 3))3 for
i = 1, 2, 3 which implies that (1, 2)→ {(i, 3)|i = 1, 2, 3}. But then d(F )4 by the above
observation. Thus C(3)6 ∈ C1. 
Proposition 4. C(3)n ∈ C1 for n= 8, 9.
Proof. Note that d(C8)= d(C9)= 4.We shall prove the result for C(3)8 . The result for C(3)9
can be shown similarly. Again, we only need to show that if F ∈ D(C(3)8 ), then d(F )> 4.
Let F ∈ D(C(3)8 ) and suppose d(F )4. For each (p, q) ∈ V (F), deﬁne
A(p, q)= {(i, q + 1) | 1 i3, (p, q)→ (i, q + 1) in F },
B(p, q)= {(j, q − 1) | 1j3, (p, q)→ (j, q − 1) in F }.
Similar to the proof of Proposition 1, if we assume d(F )4, then |A(p, q)| 	= 3 and
|B(p, q)| 	= 3 for all (p, q) ∈ V (C(3)8 ). By considering the converse of F, it is easy to see
that if d(F )4, then |A(p, q)| and |B(p, q)| are both non-zero.We shall now consider two
cases.
Case 1. For some 1q8, say q = 1, we have |A(i, 1)| = 2 for all i = 1, 2, 3.
114 K.L. Ng, K.M. Koh / Discrete Mathematics 297 (2005) 104–118
(1,1) 
(2,1) 
(3,1) 
(1,2)
(2,2)
(3,2)
Fig. 1.
(1,1) 
(2,1) 
(3,1) 
(1,2) 
(2,2) 
(3,2) 
(1,3) 
(2,3) 
(3,3) 
(1,4)
(2,4)
(3,4)
Fig. 2.
Since |A(i, 1)| = 2 and |B(i, 2)| 	= 0 for all i = 1, 2, 3, we may assume, without loss of
generality, that (3, 2) → (1, 1) → {(1, 2), (2, 2)}, (1, 2) → (2, 1) → {(2, 2), (3, 2)} and
(2, 2)→ (3, 1)→ {(1, 2), (3, 2)} in F. (See Fig. 1 .)
Since d(F )4, dF ((i, 4), (j, 1)) = 3 for all i, j = 1, 2, 3. Now if |B(1, 4)| = 1, then
dF ((1, 4), (j, 1))=3 implying |B(i, 3)|=3 for some i, which is not possible.Thus |B(i, 4)|=
2 for all i = 1, 2, 3.We may now assume, without loss of generality, that {(1, 4), (3, 4)} →
(1, 3) → (2, 4), {(1, 4), (2, 4)} → (2, 3) → (3, 4) and {(2, 4), (3, 4)} → (3, 3) → (1, 4)
in F. (See Fig. 2.)
Suppose (1, 3) → (1, 2) in F. (The case when (1, 2) → (1, 3) is similar by sym-
metry.) If |B(1, 3)| = 1, then dF ((1, 4), (1, 1))= dF ((1, 4), (3, 1))= 3 implying (2, 3)→
{(2, 2), (3, 2)}. But then dF ((2, 1), (3, 4))> 4, a contradiction. So |B(1, 3)|=2. If (3, 2)→
(1, 3) → (2, 2), then dF ((1, 1), (2, 4))> 4; whereas if (2, 2) → (1, 3) → (3, 2), then
dF ((3, 1), (2, 4))> 4, a contradiction in either case.
Case 2. For all 1q8, there exists some 1 iq3 such that |A(iq, q)| = 1.
Note that in this case, we may also assume that for all 1q8, there exists some
1jq3 such that |B(jq, q)|= 1.We shall assume that {(1, 2), (3, 2)} → (2, 1)→ (2, 2)
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and {(2, 3), (3, 3)} → (1, 4) → (1, 3) in F. Note that dF ((2, 1), (i, 4)) = 3 and
dF ((1, 4), (i, 1)) = 3 for all i = 1, 2, 3. It is clear that |B(1, 3)| = 2 and we may assume,
by symmetry, that (1, 3) → (1, 2). Now if (3, 2) → (1, 3) → (2, 2), then |A(2, 2)| = 2
which implies that (2, 2) → {(2, 3), (3, 3)}. This orientation is then similar to the case
when (2, 2) → (1, 3) → (3, 2) by considering its converse. So we may assume, without
loss of generality, that (2, 2)→ (1, 3)→ (3, 2) in F.
Since dF ((2, 1), (1, 4)) = 3, we must have either (2, 2) → (2, 3) or (2, 2) → (3, 3).
Without loss of generality, we assume that (3, 3)→ (2, 2)→ (2, 3) in F.
Since dF ((1, 4), (1, 1)) = dF ((1, 4), (3, 1)) = 3, we must have either ‘(1, 2) → (1, 1)
and (3, 2) → (3, 1)’ or ‘(3, 2) → (1, 1) and (1, 2) → (3, 1)’ in F. By symmetry, we
only need to consider the case that (1, 2) → (1, 1) and (3, 2) → (3, 1). (See Fig. 3.)
Observe that (3, 1) → (1, 2) and (1, 1) → (3, 2). Now as |B(1, 2)| = |B(3, 2)| = 2, we
must have |B(2, 2)| = 1 and thus we assume, by symmetry, that (3, 1)→ (2, 2)→ (1, 1).
As |A(1, 1)| = 1, |A(3, 2)| = 2. Thus (3, 2) → {(2, 3), (3, 3)}, which in turn implies that
(2, 3)→ (1, 2)→ (3, 3) in F.
We now consider |B(2, 4)|. If |B(2, 4)| = 2 and (3, 3)→ (2, 4)→ {(1, 3), (2, 3)}, then
dF ((2, 1), (2, 4))> 4. If (2, 3)→ (2, 4)→ {(1, 3), (3, 3)}, then (1, 3)→ (3, 4)→ (2, 3)
but dF ((3, 4), (3, 1))> 4. If (1, 3)→ (2, 4)→ {(2, 3), (3, 3)}, then dF ((1, 1), (2, 4))> 4.
If |B(2, 4)|=1 and {(2, 3), (3, 3)}→(2, 4)→(1, 3), then (1, 3)→(3, 4) → {(2, 3), (3, 3)}
but dF ((1, 1), (3, 4))> 4. If {(1, 3), (3, 3)} → (2, 4)→ (2, 3), then dF ((2, 4), (3, 1))> 4.
If {(1, 3), (2, 3)}→(2, 4)→(3, 3), then dF ((2, 4), (2, 1))> 4.
We have exhausted all possibilities and thus proved that if F ∈ D(C(3)8 ), then d(F )>
4= d(C8). The proof for C(3)9 is similar.
We arrive at Theorem (b) by combining Propositions 3 and 4. 
Proposition 5. C(4)n ∈ C0 for n= 6, 7.
Proof. We provide two orientations for C(4)6 and C
(4)
7 with orientation number equal to 3.
Deﬁne the following orientation F of C(4)6 . For all (i, j) ∈ V (C(4)6 ),
(i) if j is odd, (1, j) → {(1, j + 1), (2, j + 1)}, (2, j) → {(3, j + 1), (4, j + 1)},
(3, j)→ {(1, j + 1), (3, j + 1)} and (4, j)→ {(2, j + 1), (4, j + 1)};
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(ii) if j = 2, 4, {(1, j), (4, j)} → {(3, j + 1), (4, j + 1)} and {(2, j), (3, j)} → {(1, j +
1), (2, j + 1)}; and if j = 6, {(1, 6), (4, 6)} → {(3, 1), (4, 1)} and {(2, 6), (3, 6)} →
{(1, 1), (2, 1)};
(iii) for all (i, j), (p, q) ∈ E(C(4)6 ), if (i, j)(p, q) in (i) and (ii), then let (p, q)→ (i, j).
Fig. 4 shows part of the orientation. Note that only those arcs described in (i) and (ii)
above are shown. It is easily veriﬁed that d(F )= 3.
To show thatC(4)7 ∈ C0,we provide an orientationF ′ ofC(4)7 satisfying d(F ′)=d(C7)=3.
We modify F deﬁned for C(4)6 slightly, and Fig. 5 shows the orientation F ′. For clarity
purposes, not all arcs are shown, and for all (i, j)(p, q) ∈ E(C(4)7 ), if (i, j)(p, q) in
Fig. 5, then (p, q) → (i, j) in F ′. It can be checked that d(F ′) = 3, and the proof of
Proposition 5, i.e., Theorem (c) is complete. 
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Remarks. (i) Some other results on the orientation numbers of graphs in the family
Cn(s1, . . . , sn) were obtained in [12]. The table below summarizes those results together
with what are presented in this paper. A pair {x, y} of integers is a co-pair if
xy
(
x
 x2 
)
.
(ii) In this paper, we are consideringminimumdiameter orientations of undirected graphs,
whereas a closely related problem would be to consider an orientation of a digraph [7]. An
orientation of a digraphD is a spanning subdigraph ofD obtained fromD by deleting exactly
one arc between x and y for every pair x 	= y of vertices such that both xy and yx are in
D. The following two theorems which, respectively, generalizes Theorems A and B in this
paper were established in [7].
n ∈ C0, C1 or C2?
3 C(s)3 , s2 C1
4 C4(s1, s2, s3, s4), C1 if {s1 + s3, s2 + s4}
si2 is a co-pair, C2 otherwise
5 C(s)5 , s = 3, 4 C1
6 C(s)6 , s = 3, 4 C1 if s = 3,
C0 if s = 4
7 C(s)7 , s = 3, 4 C1 if s = 3,
C0 if s = 4
8 C(3)8 C1
C8(s1, . . . , s8), si4 C0
9 C(3)9 C1
C9(s1, . . . , s9),si4 C0
10 Cn(s1, . . . , sn), si3 C0
Theorem. Let D be a strong digraph of order n3 and si2 for each i = 1, 2, . . . , n.
Then d(D)−→d (D(s1, . . . , sn))d(D)+ 2.
Theorem. If d(D)4 and si4 for each i = 1, . . . , n, then −→d (D(s1, . . . , sn))= d(D).
Acknowledgements
We would like to thank the referees for their helpful suggestions in revising this paper.
References
[1] F. Boesch, R. Tindell, Robbins’ theorem for mixed multigraphs, Amer. Math. Monthly 87 (1980) 716–719.
[2] F.R.K. Chung, M.R. Garey, R.E. Tarjan, Strongly connected orientations for mixed multigraphs, Networks
15 (1985) 477–484.
118 K.L. Ng, K.M. Koh / Discrete Mathematics 297 (2005) 104–118
[3] V. Chvátal, C. Thomassen, Distances in orientations of graphs, J. Combin. Theory Ser. B 24 (1978) 61–75.
[4] G. Gutin, m-sources in complete multipartite graphs, Ser. Fiz.-Mat. Navuk. 5 (1989) 101–106.
[5] G. Gutin, Minimizing and maximizing the diameter in orientation of graphs, Graphs Combin. 10 (1994)
225–230.
[6] G. Gutin, Cycles and paths in semicomplete multipartite digraphs, theorems and algorithms: a survey,
J. Graph Theory 19 (1995) 481–505.
[7] G. Gutin, K.M. Koh, E.G. Tay, A.Yeo, Almost minimum diameter orientations of semicomplete multipartite
and extended digraphs, Graphs Combin. 17 (2001) 473–477.
[8] K.M. Koh, B.P. Tan, The diameter of an orientation of a complete multipartite graph, Discrete Math. 149
(1996) 131–139.
[9] K.M. Koh, B.P. Tan, The minimum diameter of orientations of complete multipartite graphs, Graphs Combin.
12 (1996) 333–339.
[10] K.M. Koh, E.G. Tay, On optimal orientations of G-vertex multiplications, Discrete Math. 219 (2000)
153–171.
[12] K.L. Ng, A new direction in the study of the orientation number of a graph, Ph.D. Thesis, 2004.
[13] J. Plesnik, Remarks on diameters of orientations of graphs, Acta. Math. Univ. Comenianae 46/47 (1985)
225–236.
[14] H.E. Robbins, A theorem on graphs with an application to a problem of trafﬁc control, Amer. Math. Monthly
46 (1939) 281–283.
[15] F.S. Roberts, Discrete Mathematical Models, with Applications to Social, Biological and Environmental
Problems, Prentice Hall, Englewood Cliffs, NJ, 1976.
[16] L. Šoltés, Orientations of graphs minimizing the radius or the diameter, Math. Slovaca. 36 (1986) 289–296.
Further Reading
[11] K.M. Koh, E.G. Tay, Optimal orientations of graphs and digraphs: a survey, Graphs Combin. 18 (2002)
745–756.
